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These notes were taken live during lectures at the CMI-HIMR Computational Number
Theory summer school held at the University of Bristol in June 2019. In particular, any
mistakes are the fault of the transcriber and not of the lecturer. Remarks in red were not
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Lecture 4: Mordell-Weil Sieve

Today we talk about yet another method for rational points for which, rather than working with
complicated p-adic analysis, we will work with information mod p. Given X/Q a nice curve

with genus g > 2, let J = Jac X and let XC—=J/Q be an Abel-Jacobi map. Assume that
generators of J(Q) are given. We have a commutative diagram for p a prime of good reduction.

X(Q— J(Q) W
X(F,) "~ T(F,)

UX(Q)) C vy 1y (X(Fp)) =: Vj. Let S be some set of good primes, then
Theorem 0.1 (Scharaschkin). If (,c5Vp =0 then X(Q) = 0.
Is there any hope of this being true? Well there is a heuristic due to Poonen
Heuristic 1 (Poonen). If X(Q) = 0 then there exists some S finite such that
N Vo=0
peS

In fact this is related to the Brauer Manin obstruction, as was shown by Scharaschkin under
assumption that III is finite.

Remark 0.2. Can also:
o Work mod p™ forn > 1,

e Use bad primes



Suppose that X(Q) # 0, and we have X (Q)known C X(Q) we want to show equality. Fix
b € X(Q)known and let ¢«(P) = [P — b] be our fixed Abel-Jacobi map. Let p € S and P €

Y(]Fp)\AXV(@)known- If
P) ¢V,

qeS

then P ¢ X(Q).
Note that, compared to the version of Chabauty we saw yesterday, this can actually detect
when the set of rational points is empty which Chabauty (as we saw it) cannot. More generally,

Chabauty uses p : X(Qp) — Q, where P — fOP wp for wp an annihilating differential, so that
p(X(Q)) = 0. This means that the zeroes of p are precisely X(Q) U Z C X(Q,), and one can
show that Z N X(Q) = 0 using congruence conditions and Mordell-Weil Sieve. We adapt the
commutative diagram to the set of primes S to look at:

X(Q———J(Q (2)
Hpesy( )(—>Hpes J(F »)

Consider C: Q@+ NJ(Q) for N > 2 and Q € J(Q ) f vg(C)Nim(eg) then there are no rational
points on the curve mapping into C, i.e. +(X(Q)) N C = (). Extending we look now at

XQ———J(Q J(@Q)/NJ(Q) 3)

yes X (F))—>TT,es J(Fp) —= [T,es () /NI (F,)

we label the composition along the bottom row as ag . We want ged(N, #.J(F,)) to be big for
many p € S.

Suppose for some reason you know that X(Q)~—— J(Q)/NJ(Q). This gives rise to a
method where we try to compute X (Q) as follows:

1. Select suitable S,
2. For all c € J(Q)/NJ(Q), such that no P € X(Q)known maps to c.

e By day, try to show that 8s n(c) € im(ags n)
e By night, search for rational points P € X (Q) mapping to C.
Lemma 0.3. Let r < g and p a good prime, wyg € H(Xq,,Q") an annihilating differential such

that wo € HO(X, M)\ {0}. Assume that Wo(P) # 0 for all P € X(F,). Let N > 2 be such that
N is divisible by the exponent of #J(F,). Then

X(Q——J(Q)/NJ(Q)

18 an injection.

Proof. Let P,Q € X(Q) be such that «(P)—«(Q) € NJ(Q). Then ¢(P) = +(Q) since N is divisible
by the exponent. But 7 is an injection so P = Q. However, wg(P) # 0 then #D5 N X (Q) < 1 so
P=qQ. O




We get a practical method to compute X (Q) if » < ¢ and if we can

e Compute fg w for P # Q. There is n | #J(F,) such that n[Q — P] = },[Q; — P;] where

Q; = P; for all i. Then
Q 1 Qi
W= — w
o=z,

however P;, Q; € X(Q,), so this may be difficult.

e Use Coleman integration, for which you need a lift of Frobenius to a certain p-adic co-
homology group. (See Balakrishnan-Bradshaw-Ketlaya for more details, or Balakrishnan-
Tuitman for an extension to greater generality)

e Show r < g (r is rank!) and find r independent points in J(Q) mod J(Q)tors to find wy.
We can often work entirely in Sel® (.J/Q) (See Poonen-Stoll or Stoll).

Example 1. This will not use anything we said so far, but do something much simpler.
X :y? =25 — 42 + 827 — 4

Chabauty did not work for this. Consider the quotient elliptic curve obtained via ¢ : (z,y) —

(x%,y):
E:y*=2a%—42° + 8z — 4

X(Q) € ¢ E(Q). But rk(E(Q)) = 1, so no use. However, the Jacobian of X is an abelian
variety of dimension 2 which will contain E, so there is another elliptic curve in this. Consider

E :iy? = —da® + 822 —dx+1

obtained by (z,y) — (272, y2=3). Show that E'(Q) = {oo,(0,41),(1,£1)}. Thus X(Q) =
{oos, (£1,£1)}.

Example 2. If J ~ A x ... such that tk(A/Q) = 0 we can use
 —~
If r = g and tk(NS(J)) > 1 (NS here means the Nefon-Severi group) we can sometimes use

non-abelian Chabauty (Kim, Balakrishnan-Dogra,...). Arizona winter school 2020 will be about
precisely this, and you are all heartily encouraged to attend.

X

<



